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* Process Algebra

(Book: Chapter 8)



ﬁ Algebra? Processi?

Def.: Sia I un insieme non vuoto. Diciamo struttura
algebrica su I l'insieme

dove a4, ..... o SONO operazioni interne in I,
rispettivamente a ny, ..., n, argomenti

I e l'insieme dei processi



* The Main Issue

Q: When are two models equivalent?
A: When they satisfy certain properties.

Q: Does this mean that the models have different
executions?



ﬁ What is process algebra?

An abstract description for nondeterministic and
concurrent systems.

Focuses on the transitions observed rather than on the
states reached.

Interactions between independent processes as
communication (no shared variables)

Main correctness criterion: conformance between two
models, but exhaustive state space generation and
analysis is also possible

Uses: system refinement, model checking, testing.

Defining algebraic laws for the process operators, which
allow process expressions to be manipulated using
equational reasoning



* Process algebra ingredients

m Act = {a,b,c, ... }, a set of actions
s VaeAct, 3 co-action acAct
= t-Silent action, t=z

We shall define:
= a syntax for defining legal agents
= a semantics for defining how agents evolves

= equivalence rules to allow distinguishing
agents



CCS - calculus of communicating
* systems [Milner]. Syntax

= 3,0, ... actions, A, B, C, .... - agents.

= g,b,c coactions of g b,c. t-silent action.
= 0 (o nil) - terminate.

= (E) — evaluation order

= a.E — prefixing. Execute a, then behave like E.
= E+E - nondeterministic choice.

= E || E - parallel composition.

= E\L - restriction: cannot use actions of L.

= E[f] - apply mapping function f between
actions and agent names.



i Conventions

= .” has higher priority than “+".
= .0" or ".(0]]|0]]...|]0)" is omitted.
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Structural Operational Semantics SOS

‘ *Semantics (proof rule and axioms).

m dp-a>p
= (a.p evolves with a in p)
= p—a>p’ [--ptq-a>p’
= (given that p evolves with a in p’, then p+q
evolves with a in p’)

= g—a>q |[-p+tq-a>q
= p—a=>p° |- pllg-a> p'llqg
» d—a>q |- pllg—-a> pllqd’

s D—a~>
s D—a~>
s D—a~>

0, g—a=>q |- pllq —t=> p'llq’
', d¢ R |--p\R—-a> p\R

0" |-- plm]—m(a)->p’[m] 1



SOS rules and examples

+

a.E—a>E (Axiom)

Thus, a.(b.(c//c)+d)—a=>(b.(c//c) +a).
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i Action Prefixing

a.E—a>E (Axiom)

Thus, a.(b.(c//c)+a)—a=(b.c//c)+q).

Y ~"
a. E --a--> E




ﬁ Choice

E—a->F F—a>F
(E+F)—a>F’ (E+F)—a>F

b.(c/[c)—bc/[c).

Thus,
(b.(c/[c)+e)—b2(c//9).

If E—a>FE and F—a=>F, then E+F has a
nondeterministic choice.

14



i Concurrent Composition

E—a>F F—a>F
E||F—a=>E'||F  E||F—a>E||F

E—a>F, F—a>F

E|[F—>E'||F

c—c2>nil, ¢—c>nil, then d|c—t—=>nil||nil,
dlc—c>nilllg  dl|c—c>d|nil.

15



ﬁ Restriction

E—a->FE, g a«R

E\R —-a=>E"\R

Example of interplay between parallel composition and
restriction:

dlc--c-> |0 dlc—c->0]lc¢ d|c——->0]|0

then
(dlg \{c --> (0][0) {c

16



* Consequence of restriction

}{ (CIIQ%<

Ollc d|0

AN

0[|0

17



* Relabeling

E—a—->F

E[m] -m(a)2>E'[m]

No axioms/rules for agent 0.

18



ﬁ Equational definition of agents

The syntax presented only allows finite terms with
finite behaviours

Process algebras usually allow an agent definition of
the type

P =defa.(b.P)
infinite behaviour (infinite traces)

Q =geral|Q

infinite terms and infinite behaviour

19



* Equational Definition

E—a>E', A=E
A—a->FE’

20



ﬁ Derivation Graph

The derivatives D(E) of an agent E are the
agents derived from E by applying the proof
rules

The derivation graph DG(E) is the graph (N,A)
where N = D(E) and (n1,n2)\in A iff n1=>n2
according to the proof rules

21



ﬁ Derivations

a.(b.(d|g)+d)

P
Exercise: complete

each arc with b/ b(dlg+d y

the name of the

axiom/proof
b)e(ling ap|:)rplied (ﬂf) \g °
(0ll9 (d]0)

P=a.b.P _C/ C
Q=allQ
— (0]]0)
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ﬁ Derivations

a.(b.(d|g)+d)

P
Exercise: complete

each arc with b/ b(dlg+d y

the name of the

axiom/proof
b)e(ling applied (ﬂf) \g °
(0llg (d]0)

P=a.b.P _C/ C
Q=allQ
— (0]]0)
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* Example - buffer (dal Peled)

A one place buffer:
Emptyl = put.Fulll
Fulll = get.Empty1l

A two place buffer:
Empty2 = put.Half2
Half2 = put.Full2 + get.Empty2
Full2 = get.Half2

24



* Example - buffer

Using the one place buffer:
Prod = loc.put.Prod Cons = get.loc.Cons
System = (Prod || Cons || Empty1)restricted over put and get

Using the two place buffer:

System = (Prod || Cons || Empty2) restricted over put and get

A two place buffer:
Empty2 = put.Half2

Half2 = put.Full2 + get.Empty2
Full2 = get.Half2 25



* Example - buffer

A one place buffer:
Emptyl = put.Fulll
Fulll = get.Empty1l

A two place buffer using two one place buffer:
Empty2 = Emptyl || Emptyl

A two place buffer:
Empty2 = put.Half2

Half2 = put.Full2 + get.Empty2
Full2 = get.Half2

correct?

26



ﬁ Buffer

Solution and derivaton graph of
Sys = (Prod || Cons||E2)/{put, get}

con E2 = Emptyl||Emptyl
e Emptyl = put.Fulll
Fulll = get.Empty1l

27



* Buffer

Sys = (Prod || Cons||E2)/{put, get}
E2 = Emptyl||Emptyl
Emptyl = put.Fulll
Fulll = get.Emptyl

28



* Buffer

Sys = (Prod || Cons||E2)/{put, get}
E2 = Emptyl||Emptyl
Emptyl = put.Fulll
Fulll = get.Emptyl

29



* Example - buffer

30



* Example - buffer



* Example - buffer

Using Petri Nets.....

32



Different models may have the
* same set of executions!

&

:

g-insert coin, b-press coffee, cpress milked coffee

d-obtain coffee, e-obtain milked coffeess



Actions. Act={a,b,c dy {t}.
gents. E, E', F, F1, F2, G1, G2, ...

Agent E may evo/ve into agent E'.

Agent F may evolve into F, or F..

34



ﬁ Events.

g-insert coin, b-get blue stamp, ¢get red-stamp

... from a user point of view they might be equivalent

35



F—a>F,, F—a>F,, FI—b>G,, F,—c>G,, G—1>F, G,—1>F
E—a>E, ...

36



Actions and co-actions -
Interacting agents

é%g (Y.

For each action a, except for t, there is a co-
action . g and g interact (a input, g output).
The coaction of gis a.

37



Concurrent Composition

dlc

P

nil||¢ ¢

(@]

nil ||

s

d [nil

<

nil

Derivation graph of an agent,
D(c||c): (V,A), where V is the
sets of all derivatives that can
be derived from the agent c||c,
through one or more
application of the axioms or of
the proof rules, and A is the set
of arcs that represents the
single application of a axiom or
of a proof rule

Exercise: try to reproduce the same behavior with two
nets, one can execute ¢ and the other c.

Exercise: derivation graph of (c||c) and of (c||c)||c
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i Concurrent Composition

dlc clic

AN

Ollc t d|0

N

0[|0

Derivation graph of (c||c)
and of (c|[c)||c

39



E—a>F’ F—a>F
E|[F—a>E'||F  E||F—a>E||F

E—a>FE', F—a>F

E||F—>E||F

Cl||C

40



- LConcurrent Composition

rivation graph of (c||c)||c

41






Synchronization among more
* than two agents

/ (CIIQR

Ollc d|0

AN

0[|0

Try to have more than two agents (for example
three) that synchronize on the sam action.
Can I get this behaviour using CCS?

43



* Examples

- a.E||b.F \b
E||b.F a.E||F

/ b\AEHF%\

44
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ﬁ Equivalent Petri Nets models

&

:

Can we consider these as reachability graphs of two different
nets? Labels are transitions names? Or transition labels?

48



* Eqguivalent Petri Nets models



i Consequence of restriction

(clle)\c Try to reproduce the
same behavior with two
nets, one can execute C

O||c d10 and the other c.

Ny

0[|0

50






i Concurrent Composition

dlc reproduce the same
behavior with two
C C nets, one can execute
T ¢ and the other c.
Oll< d|0
R /

52



i Concurrent Composition

Given two nets N1 and N2 of similar behaviour (one transition each,
labelled ¢ and c respectively) produce two process algebra terms such

that the RG and the derivation graph are isomorphic and equal to the
below

53



i Equational Definition

K

E=a.(b.t.E+c.1.E) E—a2>FE’, A=E

F=a.b.t.F+a.c.t.F A—a->F’

54






* Modeling binary variable

set 1
set 0 set 1
is_07? is 17?

set 0

Co=is_0?.C,+set_ 1.C, +set 0.C,

Ci=is 1?7 .Ci +set 0.Cy+set_1.C,

56



* Modeling binary variable

C0=|S_O? . CO + SEt_l . Cl + SEt_O . CO

Cy=is_1?.C; +set 0.C, +set_1.C,;

57



Dekker’s
algorithm

P1::while true do
begin
non-critical section 1
cl:=0;
while c2=0 do
begin
if turn=2 then
begin
cl:=1;
wait until turn=1;
end
end
critical section 1
cl:=1;
turn:=2
end.

boolean c1 initially 1;
boolean c2 initially 1;
integer (1..2) turn initially 1;

P2::while true do
begin
non-critical section 2
c2:=0;
while c1=0 do
begin
if turn=1 then
begin
c2:=1;
wait until turn=2;
end
end
critical section 2
c2:=1;
turn:=1
end.

58



Dekker’s
algorithm

P1- p::while true do
begin
non-critical section 1
c1:=0; wantp:= true
while c2=0 wantg do
begin
if turn=2 then
begin
cl:=1; wantp:= false
wait until turn=1;
wantp: = true
end
end
critical section 1
cl:=1; turn:=2
turn:=2; wantp:= false
end.

boolean c1 initially 1;
boolean c2 initially 1;
integer (1..2) turn initially 1;

Semantica variabili:
wantp == true - p vuole accedere alla critical section (CS)
wantq == true - g vuole accedere alla critical section (CS)

turn: chi ha il turno, €’ una variabile che serve a redimere i casi in cui
ambedue i processi facciano una richiesta (cioe’ quando sia
wantp che wantqg sono a true). turn==1 - processo p

turn==2 - processo q

Logica dell’algoritmo: quando ambedue i processi vogliono accedere
(wantp e wantq a true) entrano ambedue nel while, ma quello che
ha turn in suo favore (supponiamo sia q) “passa” per primo, mentre
I'altro aspetta sulla wait. Per permettere a g di uscire dal while p
deve mettere a false la sua richiesta di accesso (wantp a false
appena prima della wait). Quando poi turn volge a suo favore si
sblocca la wait e p rimette wantp a true, in modo da poter
eventualmente accedere alla CS (se nel frattempo wantq e’ andato a
false) avendo la variabile wantp correttamente settata a true (senno’
q potrebbe, mentre p e’ in regione critica, ritornare ad eseguire le
istruzioni non CS e poi settare wantq a zero e, trovando wantp false,
uscire immediatamente dal while e accedere a sua volta alla CS, che
e’ il problema che abbiamo riscontrato in classe).

Non penso che l'ordine delle ultime due istruzioni sia rilevante, ma
non ho controllato
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Dekker’s
algorithm

P1- p::while true do
begin
non-critical section 1
cl:=0; wantp:= true
while c2=0 wantqg do
begin
if turn=2 then
begin
cl:=1; wantp:= false
wait until turn=1;
wantp:= true

end
end
critical section 1
cl:=1; turn:=2

turn:=2; wantp:= false
end.

boolean c1 initially 1;
boolean c2 initially 1;

integer (1..2) turn initially 1;

P2- g::while true do
begin
non-critical section 2
c2:=0; wantqg:= true
while c1=0 wantp do
begin
if turn=1 then
begin
c2:=1; wantq:= false
wait until turn=2;
wantq:= true
end
end
critical section 2
c2:=1; ; turn:=1
turn:=1; wantq: = false
end.
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Dekker’s algorithm

P1::while true do
begin
non-critical section 1
cl:=0;
while c2=0 do
begin
if turn=2 then
begin
cl:=1;
wait until turn=1;
end
end
critical section 1
cl:=1;
turn:=2
end.

Translate into process algebra
and into Petri nets

Build the derivation graph of the
process algebra term and the
RG of the Petri net and
compare

61



i CSP-like process algebra

CSP defined by Hoare in ‘83
Similar to CCS but no notion of action and co-action

Pu=Nid|aP | P+P | Pl|sP | P/IL |A

Parallel Composition
P—sp BENYSY
- 0é S @ : Q
Plls @ —= P ls € Plls @ — P |ls @

a i S

pP—p Q—G%Q’

m acS
Plls Q — P'|[s @
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< * CSP-like process algebra

Consequences of the new proof rule for the parallel
composition :

(COl |{C}C.O)| |{C}C.O
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* CSP-like process algebra

Consequences of the new proof rule for the parallel
composition :

(c.0]]|c.0)||¢cc.0

Derivation graph
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+ Algebra

A C program that takes a set of LGSPN and
LSWN nets and it superposes them on
transition/place (subset of) labels

It allows non-injective multilabelling (cross
product of trans. and places and n-process
synchronization)

67



Algebra

A C'program that takes a set of LGSPN and LSWN nets and it
superposes them on transition/place (subset of) labels

N1 []q1y N2
P‘JTI ;\,Tz
Pl P3 =1
‘O ’ ’
<x> <fy> <x>
11
T1 |11 7 T2 |11 T3 |11
= lF'-\-, Iﬁl‘l' = < 1‘:; <y
. P4 P6
O O
A
A,B B

68



‘*Algebra: transition superposition

Nl P1 N2 P4 P6e P8
OA,B QA QB QA
oo {11,12,13} D= (i ST =T =

69



Algebra: transition superposition

Bl

N

A,B

tll
11,1213 77N

<Ixy>

<lIxy>

P2

P4
()’

<xl >

[d(x)=d1] and [d(x])=d2] tiz

/

<xl>

Q.

<Ix2>

B5

P6

P7

P8
B A

ld(x)=dl]

<lIx2>

O

P9



Algebra: place and transition
superposition

<x>

L fd()=d2]

<Ix>

Y

Q.

P2

<x>

<x>

P4

b5

t3

2

Pe

<x>

<x>+<xl>

[d(x)=d2]

[d()=d2]
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ﬁlgebra script

>> algebra netl net2 op labels net
[plac. Dx Dy]

= netl net2 Iinput nets

sop = torp for type of superposition
mlabels to be considered by op
snet resulting net

s[plac. Dx Dy]placement of netl net?2
IN net
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ﬁ Algebra

Additional remove function to eliminate

« # in tags (used to avoid renaming of variables)

= labels (solvers crash if tags have a "|" char)
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* Modeling binary variable

C0=|S_O? . CO + SEt_l . Cl + SEt_O . CO

Cy=is_1?.C; +set 0.C, +set_1.C,;



Dekker’s
algorithm

P1::while true do
begin
non-critical section 1
cl:=0;
while c2=0 do
begin
if turn=2 then
begin
cl:=1;
wait until turn=1;
end
end
critical section 1
cl:=1;
turn:=2
end.

boolean c1 initially 1;
boolean c2 initially 1;
integer (1..2) turn initially 1;

P2::while true do
begin
non-critical section 2
c2:=0;
while c1=0 do
begin
if turn=1 then
begin
c2:=1;
wait until turn=2;
end
end
critical section 2
c2:=1;
turn:=1
end.
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Dekker’s
algorithm

P1::while true do
begin
non-critical section 1
cl:=0;
while c2=0 do
begin
if turn=2 then
begin
cl:=1;
wait until turn=1;
end
end
critical section 1
cl:=1;
turn:=2
end.

boolean c1 initially 1;
boolean c2 initially 1;

integer (1..2) turn initially 1;
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