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Introduction

we need to analyte the

methods to compute hubs
,

authorities
,

and page rank

values

Pre - requisites : linear algebra
vector end metric

multiplication

limiting valves are coordinates
in eigenvectors for given
eigenvalues in metres

derived from • or graphs

eigenvalues ) eigenvectors calculation
+ study the structure I

networks → Spectral
analysis



Spectral Analysis of Hubs and

Authorities

Def. Adjacency
.

Metric

nadeg : I
, . . .

,
n

M : n x h

Nij  
= {

I if Ciijlisenedp
o otherwise

I
→ O

.

O

not necessarily affluent for

computational representations .



h
,

or : h - dim vectors

Tubs
"

authority
Hub Update role

Mijaj
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Min an

h ← Ma

M a h

If

Authority Update role
-  -  

nai← I Mji hi
5=1

* a ← MT h



Understanding the k - step hub
. authority

computation

E "

,
h

" >
= CL

,
I

, - . . . ,1 )
-

n times

E
"

,

he
*

, after a applications
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est :
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a
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MT h
- o >

h
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= ( q ,yT)k has

a. h vectors : multiplication of
an initial vector hes

by larger end larger powers
of MTM end MMM'



Multiplications and Eigenvectors
normed totem

constants c end d

h÷ and II
→ converge to some valves

for k → a

focus on hobs vectors :

if HIT =
@MT)

"
h

- o >

c- converges

to a
limit h

- * '

,
then

I an expect that

• h
#

= @MT ) he
* J

- -
- -

eigenvalueeigenvector

we need to prove that the

sequence of HILL converges to

the eigenvector of MMT



Square metric A is symmetric

A = AT ( Aij = Aji )

Moat = ? it is soyjmmetria !

feats
' '

Any symmetric
matrix nxn has e set

of n eigenvectors that
are orthogonal and all

unit vectors - thetis they
form a basis for the

Spence IR 's

Z ;
. Zj = 0 2- i. Zi  = Is

MMT is symmetric ,
we on apply

( feats ) to find
Zs ,

- . .

,
Zn n mutually ortho.

eigenvectors
Cy ,

- . . , Cn n Gurren spenobf
eigenvalues

ICsl 7kHz .  - - zknl Assume lost > Kel



se ( n values )

se = pi Zz t pitz t - - - t Pn Zn

( for pr , Pe ,
-

-
. , Pn coefficients)

@out )u = ( Mdt ) ( Pa -4T - - - epnzen)

- patent z ,
t -

. .  + pnMMTzn
- -

= Ps Cs Zz t . . . tpncntn

we oil use it to analyse
multiplication by larger
powers of @gets

@get )
"

a = pgecittz ,
t - . - e

Pn Cn
"

2-
n



Convergence of the hub - Authority
Computation

Vectors of hub saree .

.

heh ! @Mgk hes

h
" >

= gusty tpztz t - - - t9nEn

h
← " '

= czkgyzyt - - - t Crf 9h -2N

let 's divide both sides

by A

h=⇐÷+ →

Itn

assumption :
/.°€Cz 2 Cz ⇒

⇒ no :C⇒ "

so I

Kk >
- . - ✓

h Oline In = 917L
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wrapping up
( i ) e limit in the direction

of. Zs is reached regardless

Iinitial values of h #

Let 's suppose that he see

and that it is e positive
Vector :

se = ps -21 t - - - + pm -2N So

@MT) se = Czk pzz ,
t - - - t Cnkpntn

her >

lim = pits D
kiss

( ii ) coefficient ps C or qs )
must be f- 0 :

assuring that pszz C or

91 Z I ) are non Zero

Vectors da
the director

of Zs ⇒+eet
book !



iii.) relax assumption
kit > Kel

in general be an here

l > I eigenvalues s
.

t
.

Cy = Cz = -
.  - = Ce

Cetz T Cz

h{÷ =

cake te t - - - tangent
-

Czk

km= Tqytzt - - - t pete t 0¥t
convergence

-

authority values : the

argument is very Winter
To hubs

( multiplication by MTM)



Spectral Analysis of PageRank

Basso PR update rule
N : nxn matrix

Nij :
the Shere of.

i 's

PR that j should

get in oneupdate step

Nij  = {
° if cisjjee

÷ ,

where ter :

# links out of i

Nii  

= I
, if lei =o

C to let PR Be preserved
in nodes with no

outgoing links )

t.FI - Eto



ri : PR ofnode i

Ki ← Ny ; Rs t Nzi ra t - .  - t Nn ; rn

r← Ntr
Tooled Pr update role

factor 5

Pij = s Nij t @
F

÷

Soled PR update role
¥

application :

raw ← niirstniir :*; ITEM
#



Repeated Improvement

r
to >

initial PR vector

( sin
,

- - -

, In )
. re "

= ( fo 'T)kr - os

limiting vector r
- * >

satisfies :

&
W

. IT ✓
- * >

= g. re # >

r* should be on eigenvector
of FT with Correa spending

eigenvalue tf I

BUT TNT is net symmetric
€

that means Thet eigenvalues
an be couplet hdlmbegs

end eigenvectors here no

clear relationships # to

one another



Convergence of the Scaled PR update Rule

Tuij so
,

ti : ,j

Perron 's theorem
-

matrix P Centring are so)
i ) P hes au eigenvalue

c so St
. c > c

' Cfd )
C a

' is another eigenvalues)
ii ) F eigenvector y with

real positive values

corresponding to a
,

and

y is unique ( up to a

multiplication by e a- start

iisi ) if cats
,

then for

any starting vector seto
ath nor negative Coordinates

,

the Sequence of Vectors pkse
converges to e vector in the

direction If if Ck -0
- JD



Formulation of PageRank using
Rendon Walks

t th

⑧Is a

bs
, be , . . . jbn : probabilities
of being et node i

i - e given step

bi ← Ei ¥÷%i
the prob . f- Seung at

node i in the

"

following
"

Step



Let 'S use matrix N

bi ← Nsi be t - - - t Nnibb

b ←
NT . b

claim
PR of page X
is exactly the

probability f sung
at node x after

K Steps
-



A scaled version of the Random Welk

For e given probability
S :

the Welker follows
a random edge

with prob . 1 - S :

the Walker is
a

teleported
"

uniformly et renderer
to another node

bi ← sigh.

Mii t

+
a -D

using matrix T
TV :

bi ← Fei by t -
.

. + Dna bn

~ T

CLAIM
b ← N . b

PT is equivalent to the

scaled version of random walks



Tere Home Messages

I
.

We proved that :

a
.

hubs
,

authorities and PageRank scores

converge To limiting valves after
repeated refinements

b
.

Hubs end Authorities vectors converge
in the direction of vectors no matter

of the values of the initial vectors
( but they must be positive vectors )

2
. Convergence is Toward eigenvectors

corresponding the greatest eigenvalues
of matrices the depend on the

structure of the graph
( MMT

,
MTM

,

N
,

end I ) ⑨

3 . PageRank een be formulated
in Terms of Random Walks

.

a .

We do not need
To iterate our

algorithms :

we just need to alcalde
eigenvalues and eigenvector of @


