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(a) A, B, and C' are mutual friends: balanced. (b) A is friends with B and C, but they don’t get
—

along with each other: not balanced.
a
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e } s "
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(¢) A and B are friends with C' as a mutual en- (d) A, B, and C are mutual enemies: not bal-

emy: balanced. anced. c ‘ Z L ! _T a

Figure 5.1: Structural balance: Each labeled triangle must have 1 or 3 positive edges.
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Figure 5.2: The labeled four-node complete graph on the left is balanced; the one on the

right is not.
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Figure 5.3: If a complete graph can be divided into two sets of mutual friends, with complete
mutual antagonism between the two sets, then it is balanced. Furthermore, this is the only
way for a complete graph to be balanced.
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T ternetiongh  Ra lations

(a) Three Emperors’ League 1872
81

(b) Triple Alliance 1882 (¢) German-Russian Lapse 1890

(f) British Russian Alliance 1907

(e) Entente Cordiale 1904

(d) French-Russian Alliance 1891
9/

Figure 5.5: The evolution of alliances in Europe, 1872-1907 (the nations GB, Fr, Ru, It, Ge,
and AH are Great Britain, France, Russia, Italy, Germany, and Austria-Hungary respec-
tively). Solid dark edges indicate friendship while dotted red edges indicate enmity. Note

how the network slides into a balanced labeling and into World War 1. This figure and

example are from Antal, Krapivsky, and Redner [20].
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Figure 5.6: A complete graph is weakly balanced precisely when it can be divided into multiple sets

mutual friends, with complete mutual antagonism between each pair of sets.
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(a) A graph with signed edges. (b) Filling in the missing edges to

achieve balance.

(¢) Dividing the graph into two sets.

Figur(‘, 5.9: There are two equivalent ways to define structural balance for general (non-complete) graphs.

One definition asks whether it is possible to fill in the remaining edges so as to produce a signed complete
graph that is balanced. The other definition asks whether it is possible to divide the nodes into two sets X

and Y so that all edges inside X and inside Y are positive, and all edges between X and Y are negative.
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Figure 5.10: If a signed graph contains a cycle with an odd number of negative edges, then it
is not balanced. Indeed, if we pick one of the nodes and try to place it in X, then following
the set of friend/enemy relations around the cycle will produce a conflict by the time we get
to the starting node.
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Figure 5.8: In graphs that are not complete, we can still define notions of structural balance
when the edges that are present have positive or negative signs indicating friend or enemy
relations.
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Figure 5.11: To determine if a signed graph is balanced, the first step is to consider only the

positive_edges, find the connected components using just These edges, and declare each of
these components to be a supernode. In any balanced division of the graph into X and Y,

————————— ~ )
all nodes in the same supernode will have to go into the same set.
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Figure 5.12: Suppose a negative edge connects two nodes A and B that belong to the same
supernode. Since there is also a path consisting entirely of positive edges that connects A
and B through the inside of the supernode, putting this negative edge together with the
all-positive path produces a cycle with an odd number of negative edges.
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Figure 5.13: The second step in determining whether a signed graph is balanced is to look for
a labeling of the supernodes so that adjacent supernodes (which necessarily contain mutual
enemies) get opposite labels. For this purpose, we can ignore the original nodes of the graph

and consider a reduced graph whose nodes are the supernodes of the original graph.
/

(educed 7fo¢l1

Figure 5.14: A more standard drawing of the reduced graph from the previous figure. A
negative cycle is visually apparent in this drawing.
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Figure 5.14: A more standard drawing of the reduced graph from the previous figure. A
negative cycle is visually apparent in this drawing.

Figure 5.15: Having found a negative cycle through the supernodes, we can then turn this
into a cycle in the original graph by filling in paths of positive edges through the inside of
the supernodes. The resulting cycle has an odd number of negative edges.

w Lterslie . Hds i
cuiuwoimf b’[}, nd 4 the
T O

%(Q,Pll\ (3 Rfe




An odd cycle is
formed from two
equal-length paths
leading to an edge
inside a single layer.

Figure 5.16: When we perform a breadth-first search of the reduced graph, there is either
an edge connecting two nodes in the same layer or there isn’t. If there isn’t, then we can
produce the desired division into X and Y by putting alternate layers in different sets. If
there is such an edge (such as the edge joining A and B in the figure), then we can take two
paths of the same length leading to the two ends of the edge, which together with the edge
itself forms an odd cycle.
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